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Abstract
We investigate tunneling properties of Bogoliubov mode in a Bose-Einstein condensate. Us-
ing an exactly solvable model with a δ-functional barrier, we show that each component in the
two-component wavefunction (u, v) of low-energy Bogoliubov phonon has the same form as the
condensate wavefunction in the supercurrent state. As a result, the currents Ju and Jv associated
with u and v, respectively, have the same tunneling properties as those of supercurrent carried by
condensate. Thus, the tunneling of low-energy Bogoliubov phonon described by the tunneling of
these two currents shows perfect transmission. We also show that the supercurrent behaviors of
Bogoliubov phonon still exist in the presence of supercurrent carried by condensate, except in the
critical supercurrent state. In the critical current state, the perfect transmission is absent, because
Ju or Jv exceeds their upper limit given by the critical value of the supercurrent associated with
the condensate. Our results consistently explain the recently proposed two tunneling phenomena
associated with Bogoliubov phonon, namely, the anomalous tunneling effect (perfect transmission
in the low-energy limit) and the breakdown of the perfect transmission in the critical supercurrent
state.
PACS numbers: 03.75.Kk,03.75.Lm
∗Electronic address: yohashi@rk.phys.keio.ac.jp
†Electronic address: tsuchiya@rk.phys.keio.ac.jp
1
I. INTRODUCTION
Recently, novel tunneling phenomena of Bogoliubov phonon have been theoretically pre-
dicted in superfluid Bose gases. Kovrizhin and co-workers[1, 2, 3] clarified the perfect trans-
mission of low-energy Bogoliubov phonon across a potential barrier, which is referred to
as the anomalous tunneling effect. Danshita and co-workers[4] showed that the anomalous
tunneling effect also occurs in the supercurrent state, as far as the magnitude of the su-
percurrent is less than the critical current[4]. In the critical supercurrent state, the perfect
transmission is not obtained[4], irrespective of the relative direction between the momentum
of Bogoliubov phonon and superflow. They also extended their work to a Bose condensate
in an optical lattice[5, 6]. Although the anomalous tunneling effect has not been observed
yet, a cold atom gas may be useful to examine this interesting tunneling phenomenon. With
this regard, we briefly note that a double-well trap has been realized in cold atom physics[7],
and a kind of Josephson effect has been observed[8].
For the mechanism of the anomalous tunneling effect, various key issues have been dis-
cussed, such as resonance tunneling[3], localized state near the potential barrier[4], similarity
between the wavefunction of Bogoliubov mode and condensate wavefunction in the low en-
ergy limit[9], and coupling of quasiparticle current with supercurrent near the barrier[10].
However, despite these great efforts, no consistent explanation for the anomalous tunneling
and the breakdown of this effect in the critical supercurrent state has not been given yet.
Since the appearance of Bogoliubov phonon is one of the most fundamental phenomena
in the superfluid phase[12], clarifying physical properties of this collective mode is a very
important issue in the research of superfluidity.
In this paper, we investigate tunneling properties of Bogoliubov excitations in a weakly in-
teracting Bose superfluid at T = 0. We treat the condensate wavefunction and Bogoliubov
excitations within the Gross Pitaevskii (GP) equation and Bogoliubov equations, respec-
tively. Using an exactly solvable model, we analytically show that the tunneling mechanism
of low-energy Bogoliubov phonon is the same as that of ordinary supercurrent associated with
the condensate. Since the supercurrent is well known to tunnel through a barrier without
reflection, our result immediately explains the anomalous tunneling effect associated with
Bogoliubov phonon. However, in contrast to the ordinary supercurrent, the Bogoliubov
phonon consists of two current components (≡ Ju and Jv), whose directions are opposite to
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each other. These counterpropagating currents have been recently observed experimentally
by using Bragg spectroscopy[11]. In this paper, we show that they have the same upper limit
which equals the upper limit of the ordinary supercurrent (critical supercurrent Jc). In the
critical supercurrent state, Ju or Jv is shown to always exceed Jc, so that the supercurrent
behavior of Bogoliubov mode (perfect transmission) is destroyed. This result gives simple
and physical explanation for the breakdown of the anomalous tunneling effect in the critical
supercurrent state predicted in Ref. [4].
This paper is organized as follows. In Sec. II, we present our tunneling model with a
δ-functional potential barrier. In this model, exact solutions for the GP and Bogoliubov
equations have been derived in Refs. [2, 4]. Since we use these solutions in later sections,
we summarize them in this section. For their detailed derivations, we refer to Refs. [2, 4].
In Sec. III, we consider the case in the absence of the supercurrent. Here, we show that
the anomalous tunneling effect can be explained as a result of the supercurrent behavior of
Bogoliubov mode. This result is extended to the supercurrent state in Sec. IV. In Sec. V,
we discuss how the breakdown of the anomalous tunneling effect in the critical supercurrent
state can be understood based on our results obtained in Secs. III and IV. Throughout this
paper, we set ~ = 1.
II. MODEL TUNNELING PROBLEM, CONDENSATE WAVEFUNCTION AND
BOGOLIUBOV EXCITATIONS
We consider a superfluid Bose gas at T = 0, which is separated by the potential barrier
V (x) = V δ(x) (Fig. 1). Since the system is uniform in the y- and z-direction, our model is
essentially a one-dimensional system. Thus, we only retain the x-direction, and ignore the
y- and z-direction. We also ignore effects of a harmonic trap potential, for simplicity. The
latter simplification is allowed when a box-shaped trap is considered[13].
In this model, exact solutions for the GP equation and Bogoliubov equations have been
derived in Refs. [2, 4]. Since we use these solutions in later sections, we summarize them in
this section. For detailed derivations of the exact solutions, we refer to Refs. [2, 4].
The Gross-Pitaevskii (GP) equation for the condensate wavefunction Ψ(x) is given by[14]
(
− 1
2m
d2
dx2
− µ+ V δ(x) + g|Ψ(x)|2
)
Ψ(x) = 0. (2.1)
3
xVδ(x)
0
J
Ju
Jv
J    =J +Jqp
s
vu
J  =J -J vu
FIG. 1: Schematic picture of our model. A Bose superfluid is separated by the barrier potential
V δ(x), and we consider the tunneling of Bogoliubov phonon injected from x = −∞. We examine
both the cases with and without supercurrent Js (> 0) carried by condensate. The quasiparticle
current Jqp carried by Bogoliubov phonon is described by the sum of two currents as Jqp = Ju+Jv,
while the probability current density J is given by J = Ju − Jv , where Ju and Jv are defined by
Eq. (2.23). We note that the flow direction of Jv is opposite to that of Ju.
Here, m is the mass of a Bose atom, and µ is the chemical potential. g is a repulsive
interaction between Bose atoms. Introducing the scaled variables,
Ψ¯(x¯) ≡ Ψ(x)√
n0
, µ¯ ≡ µ
gn0
, V¯ ≡ V
gn0ξ
, x¯ ≡ x
ξ
, (2.2)
we can write Eq. (2.1) in the dimensionless form
(
−1
2
d2
dx¯2
− µ¯+ V¯ δ(x¯) + |Ψ¯(x¯)|2
)
Ψ¯(x¯) = 0. (2.3)
In Eq. (2.2), n0 ≡ |Ψ(x = ±∞)|2 is the condensate density far away from the barrier,
and ξ ≡ 1/√mgn0 is the healing length. The scaled chemical potential µ¯ equals unity
in the absence of supercurrent. In the supercurrent state with momentum q, one finds
µ = 1 + q2/2[4]. In the following, we simply write (Ψ¯, µ¯, V¯ , x¯) as (Ψ, µ, V, x).
The boundary conditions at x = 0 are given by
Ψ(+0) = Ψ(−0), (2.4)
(dΨ
dx
)
x=+0
−
(dΨ
dx
)
x=−0
= 2VΨ(0). (2.5)
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We solve the GP equation (2.3) together with the boundary conditions in Eqs. (2.4) and
(2.5). The condensate wavefunction Ψq(x) in the supercurrent state is obtained as[4]
Ψq(x) = e
i[qx−sgn(x)θq ][γ(x)− iqsgn(x)], (2.6)
where
γ(x) ≡
√
1− q2 tanh(
√
1− q2[|x|+ x0]), (2.7)
eiθq ≡ γ(0)− iq√
γ(0)2 + q2
. (2.8)
x0 in Eq. (2.7) is determined by
γ(0)3 + V
(
γ(0)2 + q2
)
−
(
1− q2
)
γ(0) = 0. (2.9)
Equation (2.9) is obtained from the boundary condition in Eq. (2.5).
We note that the magnitude of the condensate wavefunction Ψq(x) in Eq. (2.6) is sup-
pressed near the barrier. However, the supercurrent density Js is independent of x as,
Js = Im
[
Ψ∗q(x)
d
dx
Ψq(x)
]
= q. (2.10)
Namely, the supercurrent is conserved in the whole system.
For a given condensate wavefunction Ψq(x), the two-component wavefunction (u, v) of the
Bogoliubov mode is obtained from the Bogoliubov equations[14]. Using the scaled variables
in Eq. (2.2), one can write the Bogoliubov equations in the dimensionless forms
(
−1
2
d2
dx¯2
− µ¯+ V¯ δ(x¯) + 2|Ψ¯q(x¯)|2
)
u¯(x¯)− Ψ¯q(x¯)2v¯(x¯) = E¯u¯(x¯), (2.11)
(
−1
2
d2
dx¯2
− µ¯+ V¯ δ(x¯) + 2|Ψ¯q(x¯)|2
)
v¯(x¯)− Ψ¯∗q(x¯)2u¯(x¯) = −E¯u¯(x¯). (2.12)
Here, the Bogoliubov wavefunction (u(x), v(x)) and the energy E have been scaled as
(u¯(x¯), v¯(x¯)) ≡ (u(x), v(x))/√n0 and E¯ ≡ E/gn0, respectively. In the following, we omit
the bars in the Bogoliubov equations (2.11) and (2.12). The boundary conditions for the
Bogoliubov mode (u, v) at x = 0 are given by
u(+0) = u(−0),
(du(x)
dx
)
x=+0
−
(du(x)
dx
)
x=−0
= 2V u(0), (2.13)
v(+0) = v(−0),
(dv(x)
dx
)
x=+0
−
(dv(x)
dx
)
x=−0
= 2V v(0). (2.14)
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To construct (u, v) satisfying the boundary conditions in Eqs. (2.13) and (2.14), we need
particular solutions of the Bogoliubov equations (2.11) and (2.12) for x ≥ 0 and x ≤ 0.
For a given condensate wavefunction Ψq(x) and energy E, the coupled equations (2.11) and
(2.12) have four particular solutions (un, vn) (n = 1, 2, 3, 4), given by[2, 4]


un = e
i[(pn+q)x−sgn(x)θq ]
[(
1 +
p2n
2E
)
γ(x)− isgn(x)
(
q +
pn
2E
(1− q2 − γ(x)2 + E) + p
3
n
4E
)]
,
vn = e
i[(pn−q)x+sgn(x)θq ]
[(
1− p
2
n
2E
)
γ(x) + isgn(x)
(
q +
pn
2E
(1− q2 − γ(x)2 − E) + p
3
n
4E
)]
.
(2.15)
(We note that Eq. (2.15) is not normalized.) The momenta pn (n = 1, 2, 3, 4) are obtained
from the expression for the Bogoliubov excitation spectrum[4]
E = pnq +
√
p2n
2
(p2n
2
+ 2
)
. (2.16)
Among the four solutions, two of them (n = 1 and 2) describe propagating wave charac-
terized by real momenta (p1 and p2). The remaining two solutions (n = 3 and 4) describe
localized states having complex momenta (p3 and p4). While only the propagating solutions
are necessary in considering a uniform system, one has to also take into account the local-
ized solutions in the present inhomogeneous system. Indeed, in Sec. III, we show that the
localized states appear near the barrier.
In the low energy region (E ≪ 1), pn (n = 1, 2, 3, 4) reduce to[15], within the accuracy
of O(E),


p1 =
E
1 + q
,
p2 = − E
1 − q ,
p3 = 2i
√
1− q2 + qE
1− q2 ,
p4 = −2i
√
1− q2 + qE
1− q2 .
(2.17)
Using these particular solutions, we construct the Bogoliubov wavefunction (u, v). As-
suming that the incident Bogoliubov phonon comes from x = −∞, we set

 u(x)
v(x)

 =

 u<(x)
v<(x)

 θ(−x) +

 u>(x)
v>(x)

 θ(x), (2.18)
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Here, θ(x) is the step function, and

 u<(x)
v<(x)

 =

 u1(x)
v1(x)

+ A

 u2(x)
v2(x)

 +B

 u4(x)
v4(x)

 (x ≤ 0), (2.19)

 u>(x)
v>(x)

 = C

 u1(x)
v1(x)

+D

 u3(x)
v3(x)

 (x ≥ 0). (2.20)
The coefficients (A,B,C,D) are determined so that the boundary conditions in Eqs. (2.13)
and (2.14) can be satisfied. We will give their detailed expressions in later sections.
Once (A,B,C,D) are determined, the transmission probability is obtained from the ratio
of the probability current density J ≡ Ju−Jv for the incident wave to that for the transmitted
wave. Here, Ju and Jv are given by[16]

Ju = Im
[
u(x)∗
d
dx
u(x)
]
,
Jv = −Im
[
v(x)∗
d
dx
v(x)
]
.
(2.21)
We note that the quasiparticle current density Jqp carried by Bogoliubov phonon has the
different form from the probability current density as Jqp = Ju + Jv. To see the difference
between J and Jqp, it is useful to consider a uniform system, in which the Bogoliubov
equations give the plane wave solution[14]


up =
√
1
2
(p2/2 + 1
E
+ 1
)
eipx,
vp =
√
1
2
(p2/2 + 1
E
− 1
)
eipx.
(2.22)
Here, E =
√
(p2/2)(p2/2 + 2) is the Bogoliubov excitation spectrum. Substituting Eq.
(2.22) into Eq. (2.21), we obtain (p > 0),


Ju =
1
2
(p2/2 + 1
E
+ 1
)
p (> 0),
Jv = −1
2
(p2/2 + 1
E
− 1
)
p (< 0).
(2.23)
Equation (2.23) shows that the leading terms of Ju and Jv with respect to p are constant in
the low energy limit. While they dominantly contribute to the probability current density
J , they are cancelled out in the quasiparticle current Jqp, because the flow directions of Ju
and Jv are opposite to each other. The contribution to Jqp comes from higher order terms
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in Ju and Jv in terms of p. In Sec. III, we find that the cancellation of the leading terms of
Ju and Jv also occur in the presence of the barrier, as schematically shown in Fig. 1. Thus.
in considering the tunneling of low-energy Bogoliubov phonon, the tunneling properties of
each component Ju and Jv are more crucial than the quasiparticle tunneling current Jqp
given by the sum of them. In Secs. III and IV, we show that each Ju and Jv has the
same tunneling properties as those of supercurrent in the low energy region, leading to the
anomalous tunneling of Bogoliubov phonon.
III. SUPERCURRENT BEHAVIOR OF LOW-ENERGY BOGOLIUBOV MODE
In this section, we first consider the tunneling of low-energy Bogoliubov phonon in the
absence of supercurrent. In this case, the condensate wavefunction in Eq. (2.6) reduces to
Ψq=0(x) = γ(x) = tanh(|x|+ x0). (3.1)
Since we are interested in the anomalous tunneling effect, we consider the low energy region
(E ≪ 1). In this regime, the Bogoliubov excitation spectrum has the linear dispersion E = p,
where p (> 0) is the momentum of incident wave coming from x = −∞. For the momenta
of the four particular solutions in Eq. (2.17), we may take (p1, p2, p3, p4) = (p,−p, 2i,−2i)
within the accuracy of O(p). Determining the coefficients (A,B,C,D) in Eqs. (2.19) and
(2.20), we obtain[2, 4], to the accuracy of O(p),

 u<(x)
v<(x)

 =

 uI(x)
vI(x)

 eipx + iαp

 uR(x)
vR(x)

 e−ipx + ( i
2
+ βp
) uL(x)
vL(x)

 , (3.2)

 u>(x)
v>(x)

 = (1− iηp)

 uT (x)
vT (x)

 eipx − ( i
2
+ βp
) uL(x)
vL(x)

 . (3.3)
The coefficients (α, β, η) are given by


α = −1
2
(1− γ0)2 + γ0 + γ
2
0
(1 + γ20)γ0
,
β =
1
2
(1
2
− 1
γ0
)
,
η = α− 2γ0
1 + γ20
,
(3.4)
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where we have simply written γ0 = γ(x = 0). In Eqs. (3.2) and (3.3), the incident wave
(uI , vI) and transmitted wave (uT , vT ) are obtained from the particular solution (u1, v1) in
Eq. (2.15), while the reflected wave (uR, vR) is obtained from (u2, v2). In the low energy
limit, they are given by

 uI
vI

 =

 γ(x) +
i
2
[1− γ(x)2] + p
2
[γ(x) + i]
γ(x)− i
2
[1− γ(x)2]− p
2
[γ(x)− i]

 , (3.5)

 uR
vR

 =

 uT
vT

 =

 γ(x)−
i
2
[1− γ(x)2] + p
2
[γ(x)− i]
γ(x) +
i
2
[1− γ(x)2]− p
2
[γ(x) + i]

 . (3.6)
The localized component (uL, vL) in Eqs. (3.2) and (3.3) is obtained from (u3, v3) and
(u4, v4), which has the form

 uL
vL

 =

 −[1− γ(x)2] + p[1− γ(x)]
[1− γ(x)2] + p[1− γ(x)]

 . (3.7)
We note that, in the last terms of Eqs. (3.2) and (3.3), the exponential factors e±2x appearing
in (u3, v3) and (u4, v4) have been absorbed into (uL, vL) by using the identity
e−2(|x|+x0)[1 + γ(x)] = 1− γ(x). (3.8)
To show the supercurrent behavior of low-energy Bogoliubov phonon in the tunneling
process, we expand Eqs. (3.2) and (3.3) in terms of p to the first order. For example, u>(x)
then becomes
u>(x) = γ(x) + ip
γ(x)− γ0
γ0
+ ipxγ(x)
+ ip
γ0
1 + γ20
γ(x) +
p
2
γ0
1 + γ20
[1− γ(x)2] + p
2
γ(x) +
p
2
x[1 − γ(x)2]. (3.9)
Using the identity
d
dx
γ(x) = sgn(x)
(
1− γ(x)2
)
, (3.10)
we find that Eq. (3.9) is equivalent to the expression,
u>(x) =
√
1 + pe
ip
γ0
1+γ20 eipx
[
γ(
√
1 + px+
pγ0
2(1 + γ20)
) + ip
γ(x)− γ0
γ0
]
, (3.11)
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within the accuracy of O(p). Expanding the condensate wave function in Eq. (2.6) in the
long wave length limit, we obtain (x > 0)
Ψq(x) = e
iqx
(
γ(x) + iq
γ(x)− γ0
γ0
)
. (3.12)
Comparing Eq. (3.11) with (3.12), we find that u>(x) essentially has the same form as the
condensate wavefunction Ψq=p(x) in the supercurrent state with momentum p. The same
conclusion is also obtained for u<(x). Introducing y+ ≡
√
1 + px and
u˜(y+) ≡ 1√
1 + p
e
−ip
γ0
1+γ2
0 u(x = y+/
√
1 + p), (3.13)
we obtain
u˜(y+) = Ψ˜p(y+, Y+). (3.14)
Here, Ψ˜p is given by Eq. (2.6), where x0 in γ is replaced by
Y+ = x0 +
γ0
2(1 + γ20)
p. (3.15)
The same analysis is applicable to v(x). From Eqs. (3.2)-(3.7), vp(x) is found to be
related to up(x) as vp(x) = u−p(x)
∗. Using this, we obtain
v˜(y−) = Ψ˜p(y−, Y−), (3.16)
where y− =
√
1− px,
Y− = x0 − γ0
2(1 + γ20)
p, (3.17)
and
v˜(y−) ≡ 1√
1− pe
−ip
γ0
1+γ2
0 v(x = y−
√
1− p). (3.18)
Equations (3.14) and (3.16) clearly show that, in the low energy region, u(x) and v(x)
have the same properties as the condensate wavefunction in the supercurrent state. Namely,
the currents Ju and Jv tunnel through the barrier without reflection in the low energy region.
The tunneling of low energy Bogoliubov phonon described by the wavefunction (u, v) is also
not accompanied by reflection, which naturally explains the anomalous tunneling effect[2].
The coefficient of the reflected wave component given by the second term in the right hand
side of Eq. (3.2) is proportional to p, so that the reflection probability is proportional to p2.
Namely, deviation from the perfect transmission starts from O(p2).
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Since u(x) and v(x) have the same form as the condensate wavefunction, the currents Ju
and Jv are immediately obtained from Eq. (2.10) as
Ju = −Jv = p. (3.19)
Namely, Ju and Jv are conserved everywhere in the low energy region. When we evaluate
Ju and Jv of the incident wave, one finds Ju = −Jv = p + O(p2) for x → −∞. This also
confirms the perfect transmission of Ju and Jv, as well as Bogoliubov phonon.
We note that, although Eq. (3.19) looks different from Eq. (2.23) (where Ju and Jv are
constant in the low energy limit), the reason is simply due to the assumed magnitude of the
incident wave in Eq. (3.2). When we choose the magnitude of the incident wave (uI , vI)
far away from the barrier so as to be equal to the plane wave solution (up, vp) given by
Eq. (2.22), Eq. (3.19) is replaced by Ju = −Jv = 1/2. Under this normalization, a finite
quasiparticle current Jqp obtained from higher order terms in Ju and Jv with respect to p
is proportional to p, as in the uniform system discussed in Sec. II. It has been shown[10]
that this finite Jq is not conserved near the barrier due to the induction of supercurrent
counterflow.
Figure 2 shows the incident, reflected, transmitted, and localized components of u(x)
in Eqs. (3.2) and (3.3). Although the perfect transmission looks as if the potential bar-
rier is transparent for low-energy Bogoliubov phonon, the reflected component UR(x) ≡
iαpuR(x)e
−ipx, as well as the localized component UL(x) ≡ sgn(x)(i/2 + βp)uL(x), actually
contribute to the solution. Indeed, these components are necessary to satisfy the boundary
conditions at x = 0. However, since the coefficient of the reflected component UR(x) is
proportional to p, the plane wave factor e−ipx in this component is actually irrelevant in
the present treatment within O(p). Thus, although Eq. (3.13) involves the reflected wave
component, the reflected “plane wave” is not actually involved in it.
We note that, while the localized state described by the last terms in Eqs. (3.2) and
(3.3) does not carry current by itself, it still contributes to the tunneling current through
the coupling with the propagating wave in the wavefunction. To see this, we divide Ju into
contributions coming from each wave component and their couplings. Then we obtain
Ju = JP + JPL. (3.20)
Here, JP ≡ Im[UP (x)∗∂xUP (x)] is the contribution from the right-going wave UP (x) ≡
θ(−x)uI(x)eipx + θ(x)(1− iηp)uT (x)eipx, while JPL ≡ Im[UP (x)∗∂xUL(x) + UL(x)∗∂xUP (x)]
11
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FIG. 2: Spatial variation of u(x) given by Eqs. (3.2) and (3.3). We also show the incident
wave component UI(x) ≡ uI(x)eipx, reflected wave UR(x) = iαpuR(x)e−ipx, transmitted wave
UT (x) = (1 − iηp)uT (x)eipx, and localized component UL(x) = sgn(x)(i/2 + βp)uL(x). We take
p = 0.05 and x0 = 0.5.
describes coupling effects between the right-going wave and the localized state. The other
current components involving the reflected wave UR(x), such as JR ≡ Im[UR(x)∗∂xUR(x)],
JRP ≡ Im[UR(x)∗∂xUP (x) + UP (x)∗∂xUR(x)], and JRL ≡ Im[UR(x)∗∂xUL(x) +
12
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FIG. 3: Effects of localized state UL(x) on Ju. We take p = 0.05 and x0 = 0.5.
UR(x)
∗∂xUL(x)], can be ignored in the low energy limit. Calculating JP and JPL, we obtain

JP = p+
1
4
(
1− γ(x)4
)
,
JPL = −1
4
(
1− γ(x)4
)
.
(3.21)
Figure 3 shows the contribution of JP and JPL to the current Ju. When we ignore
effects of localized state UL(x), the current Ju (= JP ) is not conserved near the potential
barrier, where the suppression of the condensate wavefunction Ψq=0(x) is remarkable. The
enhancement of JP is cancelled out by the counterflow JPL (< 0) originating from the
coupling of the propagating wave UP (x) with the localized state UL(x).
Since u(x) and v(x) have the same form as the condensate wavefunction Ψp(x), we can
expect that the Bogoliubov equations (2.11) and (2.12) are also related to GP equation (2.3)
in the low energy region. To see this, it is convenient to note that the Bogoliubov equations
(2.11) and (2.12) can be formally written as
(
−1
2
d2
dx2
− (µ+ E) + V δ(x) +Wu(x)
)
u(x) = 0, (3.22)
(
−1
2
d2
dx2
− (µ−E) + V δ(x) +Wv(x)
)
v(x) = 0. (3.23)
Here Wu and Wv are given by

Wu = 2|Ψq(x)|2 −Ψq(x)2 v(x)
u(x)
,
Wv = 2|Ψq(x)|2 −Ψ∗q(x)2
u(x)
v(x)
.
(3.24)
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In the absence of the supercurrent (q = 0), setting µ = 1, one can rewrite Eqs. (3.22) and
(3.23) in the form
(
−1
2
d2
dy2+
− 1 + V√
1 + p
δ(y+) +
Wu(x)
1 + p
)
u˜(y+) = 0, (3.25)
(
−1
2
d2
dy2−
− 1 + V√
1− pδ(y−) +
Wv(x)
1− p
)
v˜(y−) = 0. (3.26)
WhenWu(x)/(1+p) andWv(x)/(1−p) coincide with the nonlinear term in the GP equation,
Eqs.(3.25) and (3.26) reproduce the GP equation (2.3). Indeed, substituting Eqs. (3.1)-(3.8)
into Eqs. (3.24), we obtain Wu(x)/(1 + p) = |u˜(y+)|2 and Wv/(1− p) = |v˜(y−)|2, within the
accuracy of O(p). Thus, as expected, Eqs. (3.25) and (3.26) have the same form as the GP
equation in the supercurrent state with momentum p[17].
We note that the potential barrier is modified as V/
√
1± p in Eqs. (3.25) and (3.26),
which can explain the reason for the shift of x0 given by Y± in Eqs. (3.15) and (3.17). For
example, when one solves the “GP” equation (3.25), the equation for Y+ is obtained as
1− γ(0, Y+)2 = V√
1 + p
γ(0, Y+) ≃
(
1− p
2
)
V γ(0, Y+), (3.27)
where we have ignored higher order terms than O(p). In Eq. (3.27), we are using the
notation γ(0, Y+) to emphasize that x0 is different from Y+. Noting that x0 is obtained from
the equation 1−γ(0, x0)2 = V γ(0, x0), one can solve Eq. (3.27) within the accuracy of O(p).
The result is
γ(0, Y+) = γ(0, x0) +
1− γ(0, x0)2
2(1 + γ(0, x0)2)
γ(0, x0)p
≃ γ(0, x0 + γ(0, x0)
2(1 + γ(0, x0)2)
p). (3.28)
Here, we have used the identity in Eq. (3.10). Equation (3.28) reproduces Y+ in Eq. (3.15).
In the same manner, one can confirm that the shift Y− of x0 in v˜(y−) is due to the modified
potential barrier V/
√
1− p in the “GP” equation (3.26).
IV. QUASIPARTICLE TUNNELING IN THE SUPERCURRENT STATE
In this section, we examine effects of supercurrent on the tunneling of Bogoliubov phonon.
Assuming that the momentum q carried by condensate, as well as the incident momentum p
of the Bogoliubov mode, are very small, we treat them within the first order. We also assume
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that the supercurrent Js is much smaller than the critical current. The critical supercurrent
state is considered in Sec. V.
Within the accuracy of O(q), we may still ignore q in Eqs. (2.7) and (2.9). Namely,
γ(x) and x0 are not modified by supercurrent. In addition, we can also set E = p and
(p1, p2, p3, p4) = (p,−p, 2i,−2i) under the assumption of small p and q. The Bogoliubov
wavefunction has the form
 u(x)
v(x)

 =

 ei(qx+θq)uˆ<(x)
e−i(qx+θq)vˆ<(x)

 θ(−x) +

 ei(qx−θq)uˆ>(x)
e−i(qx−θq)vˆ>(x)

 θ(x), (4.1)
where
 uˆ<(x)
vˆ<(x)

 =

 uI(x)
vI(x)

 eipx + iαp

 uR(x)
vR(x)

 e−ipx + ( i
2
+ βp− i
2
q
) uL(x)
vL(x)

 , (4.2)

 uˆ>(x)
vˆ>(x)

 = (1− iηp)

 uT (x)
vT (x)

 eipx − ( i
2
+ βp− i
2
q
) uL(x)
vL(x)

 . (4.3)
Here, coefficients (α,β,η) and the localized component (uL, uL) are not affected by super-
current, and they are given by Eqs. (3.4) and (3.7), respectively. In contrast, the incident
wave (uI , vI), reflected wave (uR, vR), and transmitted wave (uT , vT ) are modified to be

 uI
vI

 =

 γ(x) +
i
2
[1− γ(x)2] + p
2
[γ(x) + i] + i
q
2
[1 + γ(x)2]
γ(x)− i
2
[1 − γ(x)2]− p
2
[γ(x)− i]− iq
2
[1 + γ(x)2]

 , (4.4)

 uR
vR

 =

 γ(x)−
i
2
[1− γ(x)2] + p
2
[γ(x)− i] + iq
2
[1 + γ(x)2]
γ(x) +
i
2
[1− γ(x)2]− p
2
[γ(x) + i]− iq
2
[1 + γ(x)2]

 , (4.5)

 uT
vT

 =

 γ(x)−
i
2
[1− γ(x)2] + p
2
[γ(x)− i]− iq
2
[1 + γ(x)2]
γ(x) +
i
2
[1− γ(x)2]− p
2
[γ(x) + i] + i
q
2
[1 + γ(x)2]

 . (4.6)
To see the supercurrent behavior of low-energy Bogoliubov phonon in the supercurrent
state, we expand Eq. (4.1) in terms of p and q to the first order. In this procedure, we also
expand the phase factor e±iθq defined in Eq. (2.8) as
e±iθq = 1∓ i q
γ0
+O(q2). (4.7)
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For example, u(x ≥ 0) becomes
u(x ≥ 0) = γ(x) + i(p+ q)γ(x)− γ0
γ0
+ i(p + q)xγ(x)
+ ip
γ0
1 + γ20
γ(x) +
p
2
γ0
1 + γ20
[1− γ(x)2] + p
2
γ(x) +
p
2
x[1− γ(x)2]. (4.8)
Comparing Eq. (4.8) with Eq. (3.9), we find that Eq. (4.8) can be written as, within the
accuracy of O(p) and O(q),
u(x ≥ 0) =
√
1 + pe
ip
γ0
1+γ2
0 ei(p+q)x
[
γ(
√
1 + px+
pγ0
2(1 + γ20)
) + i(p+ q)
γ(x)− γ0
γ0
]
. (4.9)
This is essentially the same form as the condensate wavefunction Ψp+q(x) in (3.12). We also
reach the same conclusion for u(≤ 0). As a result, we obtain
u˜(y+) = Ψ˜p+q(y+, Y+). (4.10)
Using the relation vp(x) = u
∗
−p(x), we also find
v˜(y−) = Ψ˜p−q(y−, Y−). (4.11)
Equations (4.10) and (4.11) indicate that tunneling properties of the current Ju and Jv
are the same as those of supercurrent in the low energy region. Namely, the Bogoliubov
phonon still shows the perfect transmission in the supercurrent state[4]. Equations (4.10)
and (4.11) also show that the supercurrent Js = q affects Ju and Jv as Ju = p + q and
Jv = −p + q. This implies that, in the critical supercurrent state, the “supercurrent” Ju or
Jv exceeds the critical current, leading to the breakdown of the perfect transmission. We
will confirm this in Sec. V.
We note that Eqs. (3.25) and (3.26) are also valid for the supercurrent state. Substituting
Eqs. (4.10) and (4.11) into Eq. (3.24), we obtain Wu/(1 + p) = |u˜(y+)|2 and Wv/(1− p) =
|v˜(y−)|2. Thus, Eqs. (3.25) and (3.26) reduce to the GP equation, as expected.
V. BREAKDOWN OF ANOMALOUS TUNNELING EFFECT IN THE CRITICAL
SUPERCURRENT STATE
In Ref. [4], the breakdown of the anomalous tunneling is predicted in the critical super-
current state, when the barrier V is high enough so that the tunneling of supercurrent can
be regarded as the Josephson effect. In this section, we also consider the same situation
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to see if the absence of the anomalous tunneling in the critical supercurrent state can be
understood as that the currents Ju or Jv exceeds the critical value.
We briefly summarize the critical supercurrent Jc (= qc) in the Josephson coupling regime.
To derive the current-phase relation in this regime, it is convenient to write the condensate
wavefunction Ψq(x) in the form
Ψq(x) =
√
q2 + γ(x)2eiqxeisgn(x)
φ(x)
2 . (5.1)
Here, the phase φ(x) is defined by
φ(x) = 2
(
tan−1
γ(x)
q
− tan−1 γ0
q
)
. (5.2)
Equation (5.2) can be rewritten as
q = γ0 tan
Φ(x)
2
, (5.3)
where Φ(x) = φ(x)− 2[tan−1(γ(x)/q)− pi/2]. When the barrier potential V is very large, q
and γ0 are very small and one can expand them in terms of V
−1[4]. Within the accuracy of
O(V −1), Eq. (2.9) gives
γ0 = V (γ
2
0 + q
2). (5.4)
From Eqs. (5.3) and (5.4), one finds


q = 1
2V
sinΦ,
γ0 =
1
2V
(1 + cosΦ).
(5.5)
Since the supercurrent is uniform, the x dependence of Φ(x) in Eq. (5.5) is actually irrele-
vant. When we take the phase φ(x) at x =∞ (≡ φ0), we obtain the well-known Josephson’s
current-phase relation, Js = (1/2V ) sinφ0 within the accuracy of O(V
−1)[4]. Equation (5.5)
gives the critical current Jc in the Josephson coupling regime as
Jc = qc =
1
2V
. (5.6)
Now we construct the Bogoliubov wavefunction (u, v). In the following discussion, we
always assume p ≪ q ∼ γ0 ∼ 1/2V ≪ 1. The Bogoliubov wavefunction, satisfying the
boundary conditions, are given by Eqs. (4.1)-(4.6), where the coefficient β in Eq. (4.3) is
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replaced by β ′. The coefficients (α, β, β ′, η) are given by

α =
1
2
− (1 + q) γ0
γ20 − q2
,
β =
1
4
− 1− 2q
2
γ0
γ20 − q2
,
β ′ =
1
4
− 1− q
2
γ0
γ20 − q2
,
η =
1
2
− (1− 4q) γ0
γ20 − q2
.
(5.7)
We note that Eq. (5.5) gives γ0 = qc = 1/2V in the critical supercurrent state. In Sec. IV,
we have expanded the Bogoliubov wavefunction (u, v) in terms of p and q, where we have
implicitly assumed q/γ0 ≪ 1. (See, for example, Eq. (4.7).) In the present case (Js <∼ Jc),
although we can still assume q ≪ 1, we have to treat γ0 as the same order as q. Namely,
the expansion in terms of q/γ0, such as Eq. (4.7), is not allowed in the present case. In
addition, because of q ≃ γ0, we have to carefully treat the factor 1/(γ20 − q2) in Eq. (5.7).
However, even in this case, we can show that u and v still have the supercurrent properties
near the barrier at x = 0.
To show this, we first consider u(x). Within the accuracy of O(x), uˆ(x ≥ 0) reduces to
uˆ(x ≥ 0) =
(
1 + ip
γ0
γ20 − q2
)(
γ(x)− iQ+ − 2pq γ0
γ0 − q2 ,
)
. (5.8)
where Q+ = p+ q. We also expand the factor e
−iθq in Eq. (4.1) to O(p), which gives
e−iθq =
γ0 + iq√
γ20 + q
2
=
γ0 + iQ+√
γ20 +Q
2
+
(
1− ip γ0
γ20 + q
2
)
. (5.9)
Using Eqs. (5.8) and (5.9), we obtain[18]
u(x ≥ 0) = γ(0, Z+) + iQ+√
γ(0, Z+)2 +Q
2
+
eiQ+x[γ(x, Z+)− iQ+], (5.10)
where γ(x, Z+) equals γ(x) where x0 is replaced by
Z+ = x0 − 2pq γ(0, Z+)
γ(0, Z+)− q2 . (5.11)
In the same way, we can rewrite u(x ≤ 0) as
u(x ≤ 0) = γ(0, Z−)− iQ+√
γ(0, Z+)2 +Q2+
eiQ+x[γ(x, Z+) + iQ+]. (5.12)
Comparing Eqs. (5.10) and (5.12) with Eq. (2.6) we find near the barrier (x≪ 1),
u(x) = Ψ˜p+q(x, Z+). (5.13)
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Applying the same analysis to v(x), we obtain
v(x) = Ψ˜p−q(x, Z−), (5.14)
where
Z− = x0 + 2pq
γ(0, Z−)
γ(0, Z−)− q2 . (5.15)
Thus, we conclude that u and v still have the same properties as those of the condensate
wavefunction near the barrier at x = 0. Their currents are given by Ju = p + q and
Jv = −p + q at x≪ 1.
Using the fact that γ0 satisfies Eq. (5.4), we obtains, within the accuracy of O(p)
γ(0, Z±) = V
(
γ(0, Z±)
2 +Q2±
)
. (5.16)
We define the phase φ±(x) (x≪ 1) by
φ±(x) = 2
(
tan−1
γ(x, Z±)
Q±
− tan−1 γ(0, Z±)
Q±
)
. (5.17)
This is analogous to the phase φ(x) introduced in Eq. (5.2). From Eqs. (5.16) and (5.17),
we obtain 

Q± =
1
2V
sinΦ±,
γ(0, Z±) =
1
2V
(1 + cosΦ±),
(5.18)
where Φ±(x) = φ±(x) − 2[tan−1(γ(x, Z±)/Q±)− pi/2]. Since the currents Ju = Q+ = p + q
and Jv = −Q− = −p+ q are uniform near the barrier, the x dependence of Φ± in Eq. (5.18)
can be actually ignored as far as x ≪ 1. Equation (5.18) shows that both Ju and Jv must
be smaller than the upper limit of the supercurrent Jc = 1/2V . However, this condition
cannot be satisfied in the critical supercurrent state (q = Jc = 1/2V ). Namely, Ju or Jv
always exceeds Jc, depending on the direction of the momentum p of Bogoliubov phonon.
As a result, the perfect transmission is not obtained in the critical supercurrent state. We
emphasize that this gives simple explanation for the breakdown of the anomalous tunneling
in the critical supercurrent state predicted in Ref. [4].
We note that the coefficients (α, β, β ′, γ) in Eqs. (5.7) diverge when q = γ0 = 1/2V . This
means that the components u and v in the Bogoliubov wavefunction no longer have the
same form as the condensate wavefunction in the critical supercurrent state. In this case,
u and v would have different forms from the condensate wavefunction, leading to a finite
reflection probability at the barrier.
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VI. SUMMARY
In this paper, we have investigated tunneling properties of low-energy Bogoliubov ex-
citations in a Bose superfluid. Using the exactly solvable tunneling problem through a
δ-functional potential barrier, we have clarified that, in the low energy region, the com-
ponents u(x) and v(x) in the Bogoliubov wavefunction (u(x), v(x)) have the same form as
the condensate wavefunction in the supercurrent state. Based on this result, we have given
physical explanation for the anomalous tunneling effect of Bogoliubov phonon, as well as
the absence of this phenomenon in the critical supercurrent state, in a consistent manner.
The current Ju and Jv associated with u(x) and v(x), respectively, tunnel through the
barrier without reflection, as in the case of supercurrent tunneling. This gives physical
explanation for the perfect transmission of the Bogoliubov phonon predicted recently. We
also showed that the supercurrent behaviors of Ju and Jv, as well as the resulting perfect
transmission of Bogoliubov phonon, are also obtained in the supercurrent state unless the
magnitude of the supercurrent reaches the critical value.
In the Josephson coupling regime (which is realized when the tunneling barrier is very
high), the upper limit of Ju and Jv is given by the critical current Jc of the ordinary super-
current. In the critical supercurrent state, Ju or Jv always exceeds Jc, irrespective of the
direction of the momentum of Bogoliubov phonon. Because of this, the perfect transmission
of Bogoliubov phonon is no longer obtained in the critical supercurrent state. This can ex-
plain the reason why the breakdown of the anomalous tunneling effect occurs in the critical
supercurrent state.
In this paper, we have used a simple δ-functional potential barrier. While this model
enables us to treat the GP and Bogoliubov equations analytically, any realistic potential
barrier should have a finite potential width. However, although our model is simple, we still
expect that the essence of our results in this paper would be valid for the case with a more
realistic barrier potential. We will extend our study to more general and realistic cases in
our future paper. Since the Bogoliubov phonon is one of the most fundamental phenomena
in the superfluid phase, the observation of the anomalous tunneling would be important in
understanding basic properties of this collective mode.
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